. That is, if and only if the slope of the tangent line to y = f (x) at x = c is the same as the slope of L, so that L and the tangent line are parallel. This happens when c is a local minimum or maximum for F (x). See the figure on the left below. 
We now derive an analytic expression for F (x). Use the notation in the figure on the right above. In particular, the angle θ obeys sin θ =
Actually, everything up to this point has just been motivation. I could have just said "Consider
The function F (x) is continuous on the compact set [a, b] and hence achieves its maximum and minimum. Furthermore F (x) is differentiable with derivative
as desired. In fact, I claim that F must have a max or min in (a, b). Because otherwise, both the max and min must occur at a or b. As F (a) = F (b) = 0 this forces both the max and min to be 0 and F (x) to be identically 0. In this case, every x ∈ (a, b) is a max and a min, contradicting the hypothesis that F has no max or min in (a, b).
Theorem 2 (Generalized Mean-Value Theorem) Let the functions F (x) and G(x) both be defined and continuous on a ≤ x ≤ b and both be differentiable on a < x < b. Then, there is a number c obeying a < c < b such that
First observe that h(x) is continuous on [a, b] and is also differentiable on (a, b) and has derivative
Our goal is to find a c ∈ (a, b) with h ′ (c) = 0. To do so, it suffices to find a local minimum or maximum of h(x) somewhere in (a, b). Because h(x) is a continuous function on the compact set [a, b] , it achieves its maximum and minimum values somewhere in [a, b] , but we have to show that at least one of them is in (a, b) . Now
is not a constant, in which case F (b)G(a)−F (a)G(b) cannot be both its minimum and maximum values. So at least one of the minimum and maximum has to be achieved somewhere in (a, b).
Corollary 3 (Consequences of the Mean-Value Theorem) Assume that the function
′ (x) ≤ 0 for all a < x < b, then f (x) is monotonically decreasing. (e) If f ′ (x) < 0 for all a < x < b, then f (x) is strictly monotonically decreasing. (f ) If x, y ∈ (a, b) and f ′ (x) < λ < f ′ (y) then there is a c ∈ (a, b) such that f ′ (c) = λ.
